Abstract. By means of the telescoping method, we establish two summation formulas on sine function. As the special cases of them, several interesting series expansions for 1/π m and π m are given.
Introduction
For centuries, the study of π attracts many mathematicians. A lot of interesting series expansions for 1/π 2 , 1/π, π and π 2 can be seen in the papers [1] - [39] . Inspired by these work, we shall explore series expansions for 1/π m and π m in terms of the telescoping method.
For a complex number x and an integer n, define the shifted factorial by , when n < 0.
Recall that the function Γ(x) can be defined by Euler's integral:
Γ(x) = ∞ 0 t x−1 e −t dt with Re(x) > 0.
Then we have the following three relations:
Γ(x + n) = Γ(x)(x)n,
, lim n→∞ Γ(n + x) Γ(n + y) n y−x = 1, which will frequently be utilized without indication in this paper. For simplifying the expressions, we shall use the two notations:
Then the telescoping method can offer the summation:
∇τ k = τn − τ−1.
The structure of the paper is arranged as follows. We shall found a summation formula on sine function which includes several series expansions for 1/π m in section 2. And a summation formula on sine function which implies several series expansions for π m will be derived in section 3. 
Proof. Letting
Then we have
Substituting the expressions of τ k and ∇τ k into (1), we obtain the terminating summation formula:
The case n → ∞ of it reads as
Considering that
we completes the proof of Theorem 1.
When m = 1, Theorem 1 reduces to the simple summation formula on sine function.
Corollary 2. For a complex number x and three integers {p, q, r} with min{r, p + q − r + 1} ≥ 0, there holds:
We point out that the case r = 0 of Corollary 2 can be covered by the main theorem of Liu [28] . Eight series expansions for 1/π with three free parameters from this corollary are displayed as follows.
Example 2 (x = 1/6 in Corollary 2).
18
Example 3 (x = 1/4 in Corollary 2).
Example 4 (x = 1/3 in Corollary 2).
Example 5 (x = 1/10 in Corollary 2).
25(
(1/10)p(9/10)q r!(p + q − r + 1)! .
Example 6 (x = 3/10 in Corollary 2).
Example 7 (x = 1/12 in Corollary 2).
36(
Example 8 (x = 5/12 in Corollary 2).
Setting m = 2 and p1 = p2 = q1 = q2 = r1 = r2 = 0 in Theorem 1, we gain the following summation formula on sine function.
Corollary 3.
For two complex numbers x and y, there holds:
Twelve series expansions for 1/π 2 from Corollary 3 are laid out as follows.
Example 9 (x = y = 1/2 in Corollary 3).
Example 10 (x = y = 1/3 in Corollary 3).
Example 11 (x = y = 1/4 in Corollary 3).
Example 12 (x = y = 1/6 in Corollary 3).
Example 13 (x = 1/2 and x = 1/6 in Corollary 3).
Example 14 (x = 1/10 and x = 3/10 in Corollary 3).
Example 15 (x = 1/12 and x = 5/12 in Corollary 3).
Example 16 (x = 1/2 and x = 1/4 in Corollary 3).
Example 17 (x = 1/4 and x = 1/6 in Corollary 3).
Example 18 (x = 1/2 and x = 1/3 in Corollary 3).
Example 19 (x = 1/3 and x = 1/6 in Corollary 3).
Example 20 (x = 1/3 and x = 1/4 in Corollary 3).
Now we begin to display eight series expansions for 1/π m from Theorem 1.
Corollary 4 (xi = 1/2 and pi = qi = ri = 0 in Theorem 1 with 1 ≤ i ≤ m).
Corollary 5 (xi = 1/6 and pi = qi = ri = 0 in Theorem 1 with 1 ≤ i ≤ m).
Corollary 6 (xi = 1/4 and pi = qi = ri = 0 in Theorem 1 with 1 ≤ i ≤ m).
Corollary 7 (xi = 1/3 and pi = qi = ri = 0 in Theorem 1 with 1 ≤ i ≤ m).
Corollary 8 (xi = 1/10 and pi = qi = ri = 0 in Theorem 1 with 1 ≤ i ≤ m).
Corollary 9 (xi = 3/10 and pi = qi = ri = 0 in Theorem 1 with 1 ≤ i ≤ m).
Corollary 10 (xi = 1/12 and pi = qi = ri = 0 in Theorem 1 with 1 ≤ i ≤ m).
Corollary 11 (xi = 5/12 and pi = qi = ri = 0 in Theorem 1 with 1 ≤ i ≤ m).
With the change of the parameters, Theorem 1 can produce more series expansions for 1/π m . The corresponding results will not be laid out here. 
Substituting the expressions of τ k and ∇τ k into (1), we get the terminating summation formula:
.
we finishes the proof of Theorem 12.
When m = 1, Theorem 12 reduces to the simple summation formula on sine function.
Corollary 13. For a complex number x and three integers {p, q, r} with min{p, q} ≥ 0, there holds:
Twelve series expansions for π with three free parameters from Corollary 13 are displayed as follows.
Example 21 (x = 1/2 in Corollary 13).
Example 22 (x = 1/6 in Corollary 13).
Example 23 (x = 1/4 in Corollary 13).
Example 24 (x = 1/3 in Corollary 13).
Example 25 (x = 1/10 in Corollary 13).
400π
p!q! (1/10)r(9/10)p+q−r+1 .
Example 26 (x = 3/10 in Corollary 13).
+ 100
p!q! (3/10)r(7/10)p+q−r+1 .
Example 27 (x = 1/12 in Corollary 13).
p!q! (1/12)r(11/12)p+q−r+1 .
Example 28 (x = 5/12 in Corollary 13).
p!q! (5/12)r(7/12)p+q−r+1 .
Taking m = 2 and p1 = p2 = q1 = q2 = r1 = r2 = 0 in Theorem 12, we attain the following summation formula on sine function.
Corollary 14.
Twelve series expansions for π 2 from Corollary 14 are laid out as follows.
Example 29 (x = y = 1/2 in Corollary 14).
Example 30 (x = y = 1/3 in Corollary 14). .
Example 37 (x = 1/4 and y = 1/6 in Corollary 14).
Example 38 (x = 1/2 and y = 1/3 in Corollary 14).
Example 39 (x = 1/3 and y = 1/6 in Corollary 14).
Example 40 (x = 1/3 and y = 1/4 in Corollary 14).
Now we begin to display eight series expansions for π m from Theorem 12.
Corollary 15 (xi = 1/2 and pi = qi = ri = 0 in Theorem 12 with 1 ≤ i ≤ m).
Corollary 16 (xi = 1/6 and pi = qi = ri = 0 in Theorem 12 with 1 ≤ i ≤ m). With the change of the parameters, Theorem 12 can create more series expansions for π m . The corresponding results will not be laid out here.
